Abstract. In the eighteenth century, both square numbers and triangular numbers were investigated by Euler and Goldbach (1742), who determined the recurrence relations satisfied by the sequence and established the general formulae explicitly. It seems to the author that the topics around this subject have not been touched in mathematical literature. As the first attempt to explore it, this work will present a systematic procedure to deal with the problem. For the regular (λ, μ)-polygonal numbers, the corresponding Diophantine equations will be reduced to the generalized Pell equations. Then solutions of the associated Pell equations will essentially enable us to resolve the problem. By means of Computer Algebra, the recurrence relations and generating functions satisfied by (λ, μ)-polygonal numbers can be recovered systematically. As exemplification, the results on the first twenty regular (λ, μ)-polygonal sequences will be presented in details.
Introduction and Notation
In the treatise Polygonal Numbers, Diophantus quoted the definition of polygonal numbers (cf. [1, pp. 1-3] for reference) due to Hypsicles (around 175 B.C.): "If there are as many numbers as we please beginning with one and increasing by the same common difference, then when the common difference is one, the sum of all the terms is a triangular number; when 2, a square; when 3, a pentagonal number. And the number of the angles is called after the number exceeding the common difference by 2, and the side after the number of terms including 1". Given therefore an arithemetical progression with the first term 1 and the common difference λ − 2, the sum of n terms is the regular n-th λ-gonal number p λ (n).
From this definition, we can compute the regular n-th λ-gonal number p λ (n) explicitly as follows:
where n = 1, 2, · · · . Hence the set of all the regular λ-polygonal numbers is determined by
Triangular numbers and square numbers are respectively given by P 3 = n + 1 2 n = 1, 2, · · · and P 4 = n 2 n = 1, 2, · · · .
They can be geometrically represented by the following figures: In general, the regular polygonal numbers can be generated recursively as follows. For p λ (n), fix with λ the number of sides of the polygons, called λ-polygons, and with n the side-length minus one. Conventionally one fixes p λ (1) = 1 because the regular λ-polygon with side length equal to zero reduces to one point. Based on a λ-polygon with side-length equal to n − 1, we can construct the next polygon with the side-length equal to n, extending by unit the two base sides which cross at the starting point and then adding λ − 2 new sides parallel with the remaining sides. During this construction, we have added 1 + n(λ−2) new points to the polygon on the new sides. This procedure can be illustrated by the following figure of hexagons: 
with p λ (1) = 1 and n = 1, 2, · · · (1.3b) which is consistent with (1.1), derived from the arithemetical setting. For λ, μ ∈ N with λ = μ and λ, μ ≥ 3, we define the regular (λ, μ)-polygonal numbers to be the natural numbers in the intersection set P λ ∩ P μ , which are both regular λ-polygonal and μ-polygonal. They are characterized by natural number solutions (x, y) of the Diophantine equation p λ (x) = p μ (y), written explicitly as
It is not hard to check that there is bijective correspondence between P λ ∩ P μ and the solutions of p λ (x) = p μ (y) in natural numbers. In fact, for any z ∈ P λ ∩ P μ , there exist exactly two natural numbers x and y such that z = p λ (x) = p μ (y). Throughout the paper, the regular (λ, μ)-polygonal numbers will be represented by the triples (x, y; z), where z is both regular λ-gonal and μ-gonal number with side-lengths equal to x and y respectively.
For λ = 3 and μ = 4, the first triangular-square numbers can be displayed in the following 
Almost half century later, Euler (1778) proved that these are all the regular (3, 4)-polygonal numbers (cf. Dickson [1, p. 16] ) which also satisfy the following crossing recurrence relations of the first degree:
and the independent recurrence relations of the second degree
as well as the respective generating functions:
Moreover, in 1742, there was a communication (see Dickson [1, pp. 10-11] ) between Euler and Goldbach on the pentagon numbers
for which there holds the following celebrated pentagon number theorem due to Euler (cf. [2, §19.9] ):
where |q| < 1.
The object of the paper is to determine all the regular (λ, μ)-polygonal numbers. As preliminaries, we shall review basic facts about the Pell equations and generalized Pell equations in the next section. Then the Diophantine equation (1.4) will be reduced to generalized Pell equation in the third section. The classification, recurrence relations and generating functions of the regular (λ, μ)-polygonal numbers will be investigated in the fourth section. By means of computer algebra, the fifth and the last section collects twenty examples of the regular (λ, μ)-polygonal numbers, which presents a full coverage for the cases 3 ≤ λ = μ ≤ 9.
Generalized Pell Equations
In order to investigate the Diophantine equations on the regular (λ, μ)-polygonal numbers, we review some basic results about Pell equations and generalized Pell equations. For details, the reader can refer to the books [ 
which leads us to the following explicit formulas:
In addition, the solutions u n , v n satisfy the recurrence relations derived from the product (cf. [7, §58] )
Generalized Pell equation. For two integers
forms a new solution of the generalized Pell equation thanks to the relation
Two solutions (U, V ) and (U , V ) of the generalized Pell equation are said to be equivalent if there exists one solution (u, v) of the associated Pell equation such that
Therefore all the solutions of the generalized Pell equation can be divided into equivalent classes, among which each class of solutions consist of doublesequences subject to the crossing recurrence relation of the first degree:
where (u, v) is a solution of the associated Pell equation. Now replacing n by n−1, we can restate the crossing recurrences (2.4a-2.4b) as
Eliminating V n−1 and U n−1 from these two equations and noting that u 2 − Dv 2 = 1, we obtain the following expressions
Substituting them into (2.4a) and (2.4b), we get the independent recurrence relations of the second degree
which are satisfied by the equivalent class of solutions of the generalized Pell equation corresponding to the crossing recursions (2.4a-2.4b).
Diophantine Equation
For the Diophantine Equation p λ (x) = p μ (y), given explicitly by (1.4), this section will show how to reduce it canonically to the generalized Pell equation.
Firstly, define two integer parameters:
They allow us to rewrite the regular λ-polygonal numbers as
and the Diophantine equation
Secondly, with B and M-coefficients being defined respectively by
we have evidently gcd B(λ, μ), B(μ, λ) = 1 in view of (3.1b). Under the linear transformation S : 
Observe that B(λ, μ) is an integer on account (3.1a) and (3.1b). For the same reason, we can check that M(λ, μ) is an integer either, just specifying (3.2a-3.2b) by x = y = 1, which is the "universal solution" of (1.4).
Lastly, applying the square-free factorization
and introducing D and N-coefficients:
we can restate (3.5) as the generalized Pell equation:
where we have further introduced the linear transformation
Summing up, the Diophantine equation ( 
whose inverse transformation reads as Under the restrictions λ = μ ≥ 3, there is a unique solution (λ, μ) = (3, 6) . In this case, we have D(3, 6) = 1 and the equations (3.8) and (3.10) reduce to
which can be written explicitly as
On account of solutions in natural numbers, we can write explicitly the solutions as:
n x n y n z n 1 1 1 1 2 3 2 6 3 5 3 15 4 7 4 28 5 9 5 45 This means that all the hexagon numbers are also triangle numbers. This is the only reducible case where the equation (1.4) admits infinitely many solutions.
Reducible cases: Finite solutions. When D(λ, μ) = p(λ, μ)p(μ, λ)
is a perfect square number, then D(λ, μ) = 1 thanks to the square free factorization. In this case, equation (3.8) reduces to
This equation can be resolved by factorizing N(λ, μ) into two integers and therefore has only finitely many solutions for N(λ, μ) = 0, which is equivalent to (λ, μ) = (3, 6) and (6, 3) . In view of (3.3a), (3.6) and (3.7a), we have
Therefore (λ − 2)(μ − 2) must be a perfect square number. In this case, the Diophantine equation (1.4) has only finitely many solutions with (λ, μ) = (3, 6) and (6, 3).
Here we present a couple of examples to show the reducible cases. When (λ, μ) = (11, 6), both λ − 2 = 9 and μ − 2 = 4 are perfect square numbers. The Diophantine equation ( (1), V (1)}, we deduce that there exists at least one equivalent class of solutions for (3.8) .
Hence there are infinitely many solutions for the irreducible generalized Pell equation (3.8) . These solutions can be classified, according to any fixed solution (u, v) of the associated Pell equation, into equivalent classes, each of which satisfies recurrences:
In what follows, we will determine the recurrence relations satisfied by the solutions of the Diophantine equation 
Instead, each equivalent class of solutions of the generalized Pell equation obey crossing recursions (2.4a-2.4b), which are converted, under the inverse transform Ω , into rational solutions of the original Diophantine equation (1.4) . It is not difficult to check that the latter obey again crossing recursions, which can be figured out, by substituting the transformation (3.10) into the crossing recurrence relations (2.4a-2.4b), as follows:
where
In order to determine the crossing recurrence relations satisfied by the integer solutions of the Diophantine equation (1.4) on the regular (λ, μ)-polygonal numbers, it is enough to find out the minimum (u, v) among the solutions of the associated Pell-equation (2.1) such that (4.2a-4.2b) have integer coefficients.
Since (1, 1) is always a solution of the Diophantine equation (1.4), we assert that any class of equivalent solutions must have the initial values (x 0 , y 0 ) with x 0 being from 1 to the sum of coefficients of (4.2a). Therefore the number of equivalent classes of the solutions corresponding to the solution (u, v) of the associated Pell equation is less than u + vH(λ, μ) + E(λ, μ).
Similar to the derivation from (2.4a-2.4b) to (2.5a-2.5b), we can establish from (4.2a-4.2b) the following simplified independent recurrence relations Multiplying (4.2a-4.2b) by z n and then performing the summation with respect to n with 1 ≤ n < ∞, we get the following simplified functional equations
Resolving this system of equations, we establish two generating functions
Computer Algebra and Examples
For two natural numbers (λ, μ) with λ = μ ≥ 3 and (λ − 2)(μ − 2) being a non perfect square number, the following procedure will be carried out in order to determine the recurrence relations, compute the generating functions and therefore to resolve the problem concerning the regular (λ, μ)-polygonal numbers.
A. Write down the Diophantine equation ( [6, §5.3] ) and LMM-algorithm [5] . F. Exhibit crossing recurrence relations (4.2a-4.2b) of the first degree and independent recursions of the second degree (4.4a-4.4b). G. Display explicitly generating functions (4.5a-4.5b) for each equivalent class of solutions. In order to realize this procedure, a Mathematica package has been developed based on the theoretical preparation of the previous sections. It can provide us the necessary information about the regular (λ, μ)-polygonal numbers. For the limit of space, here we present only a collection of the first twenty examples for 3 ≤ λ = μ ≤ 9 with (λ − 2)(μ − 2) being non perfect number, i.e. (λ, μ) = (3, 6).
Example 1. Triangular and square numbers:
• Diophantine equation:
• Recurrences with initial condition (1, 1):
• Generating functions:
and g(y) = 1 1 − 6y + y 2 .
• The first five numbers: • Diophantine equation:
and g(y) = 1 − 3y (1 − y) 1 − 14y + y 2 .
• The first five numbers: • Generating functions:
• The first five numbers: 
and
• The first five numbers: 1  143  165  40755  2  27693  31977  1533776805  3  5372251  6203341  57722156241751  4 1042188953  1203416145 • Generating functions:
g(y) = −1 2(1 − y) + 1 + y 1 − 18y + y 2 + 1 + y 2(1 + 18y + y 2 ) .
• • The first five numbers:
• • .
